We present a diffusion approximation of the first overflow time in the GI/G/m system with finite capacity. We derive the Laplace Stieltjes transform of the first passage time of diffusion process which approximates the system size in the GI/G/m system with finite capacity. We use the first passage time of diffusion process as the first overflow time in the GI/G/m system with finite capacity. To check on accuracy of this approximation, the analytical results for the mean of the first overflow time in the GI/M/m system with finite capacity is numerically compared with the diffusion approximation results. Numerical results show that the diffusion approximation is a good approximation for heavy traffic systems.
Introduction
For a single server system, diffusion approximations for the first overflow time in the GI/G/1 system with finite capacity were presented by Simura et al. [12] and Duda [6] . Kimura et al. [12] analyzed the first overflow time using the backward diffusion equation for the first passage time of diffusion process under the assumption of the exponentially distributed holding time.
In the concluding remarks, they mentioned that an extension problem to many server queueing systems is not difficult theoretically, but it becomes difficult to solve the corresponding differential equations because of spatial nonhomogeneity. Duda [6] obtained a diffusion approximation of the first overflow time for the GI/G/1/N-1 system by using a transient diffusion approximation of the queue size distribution. Recently Choi and Shin [4] obtained a transient diffusion approximation for the queue size distribution in a GI/G/m system using the solution of FokkerPlanck equation, and they [5] also obtained a transient diffusion approximation for the queue size distribution in an M/G/m system with finite capacity.
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In this paper, we deal with the first overflow time for a multi-server system. Following Duda's approach [6] and using our recent results [4, 5] , we obtain the probability density function of the first passage time in the diffusion process with an elementary return boundary having Cox distribution of holding time as an approximation of the probability density function of the first overflow time in the GI/G/m/N-1 system. As an application of the first overflow time, we investigate a transient behavior of the maximal number of customers in the GI/G/rn system. This paper is organized as follows. In Section 2, we find the Laplace Stieltjes transform of the first passage time by using a solution of the Fokker-Planck equation of a diffusion process with an elementary return boundary at x 0 and absorbing boundary at x N. Then we use it as an approximation of the first overflow time in the GI/G/m/N-1 system. In Section 3, we present a transient diffusion approximation of the maximal number of customers in the GI/G/m system using the first overflow time. In Section 4, we derive the analytical results for the first overflow time in the GI/M/m/N-1 system and numerically compare them for accuracy with the approximation results.
First Overflow Time in GI/G/m]N-1 System
Let Q(t) be the number of customers in a GI/G/m system at time t. first overflow time in GI/G/m/N-1 system, defined by
represents the time at which the number of customers first exceeds the capacity. As an approximation of T(xo, N we take the first passage time of a diffusion process approximating Q(t). Since the state space of Q(t) is {0,1,...,N} when t<_ T(xo, N), as a diffusion process approximating Q(t) up to T(xo, N), we take the diffusion process X(t) with state space [0, N] and with elementary return boundary at x-0 and absorbing boundary at x-N. (For the examples of usages of diffusion process with elementary return boundary, see [3] [4] [5] [6] [7] , [9] [10] [11] [12] , etc.) The process {X(t),t >_ 0} behaves as follows. When the trajectory of X(t) reaches the boundary x-0, it remains there for a random interval of time called a holding time. After the sojourn at the boundary the trajectory jumps into the interior (0, N) and starts from scratch. The holding time at x-0 in the diffusion process corresponds to the time interval during which the system is empty in the queueing theoretic context. The first passage time of X(t) to the value x-N is defined by Td(Xo, N -inf{t 
and is used as an approximation of the first overflow time T(x0, N). The remaining part of this section is devoted to the finding the p.d.f, of Td(Xo, N 
with the initial and boundary conditions 0<x<N, t_>0 Cx, f,_ 1 0
. Thus, we have from the definition of h*(s) and (2.7) that
Applying the Laplace transform to equation (2.2) with respect to t-variable, then integrating with respect to x-variable, and using (2.8) we have that
After,simple calculations we have from (2.9) that
(2.11) From (2.4), (2.6)and (2.10) we have 
Note that Ak, B k and C k are functions of variable "s". However, for brevity we use C k instead of Ak(s), Bk(s), Ca(s), whenever this will cause no confusion. By solving the simultaneous equation (2.14), we can obtain g(s Ix0) explicitly.
Remark. From (2.14), (2.15) and (2.16), we see that gc(s Ix0) depends only on the Laplace transform h*(s) of holding time but not on the P(s). By the continuity theorem of the Laplace transform and the fact that the set of all Cox distributions is dense in the set of probability on (0, oo) (Asmussen [1] ), (2.14), (2.15) and (2.16) hold true for general distribution of holding time.
The probability density function ftd(t[xo, N) of Td(Xo, N is obtained as the flow of the probability mass away from [0, N) via the absorbing boundary x-N (Duda [6] ), that is, In order to examine the accuracy of the diffusion approximation we numerically compare the approximate results obtained in Section 2 with analytical results. It is impossible to obtain the exact probability density function of the first overflow time for the GI/G/m/N-1 system.
However, for the case that the service time distribution is exponential, that is, for the GI/M/m/N-1 system, the analytical results of the first overflow time can be obtained. Following the procedure in Kimura et al. [12], we have the following theorems for GI/M/m/N-1 system and we will omit their proofs. To find '(0), solve tridiagonal system (2.14) at s 0, T(0)' (0) In Tables 1-6 , we use three types of interarrival time distributions: exponential distribution (denoted by "M"), Erlang distribution of order 2 (denoted by "E2" and hyperexponential distribution of order 2 (denoted by "U2" ). We assume that F(t)-Fo(t). The service time distribution is exponential with mean -1 u -1.0. In the tables, p denotes the traffic intensity A The probability density functions for the interarrival times are P-m#" M:a(t) Ae-t, > 0 E 2"a(t)-2te-ft, t>O, 3-2A For the diffusion approximation, we need to approximate the idle period distribution which is not known for GI/G/m system. Heuristic approximations for the distribution of an idle period in the GI/G/m system were proposed in Choi and Shin [4] . It was shown by simulation that ho(t a(t) (interarrival time distribution) gives the most accurate result. In this paper, we take ho(t -a(t) as an approximation of the distribution of an idle period. The "relative percentage errors" (denoted by "ERR") are calculated by the formula ERRexact value-approximate value exact value x 100(%).
The tables deal with the case p >_ 0.7. When the relative percentage error is greater than 50%, we use the notation '*****' instead of numerical results, since the numerical results are meaningless.
We see that the diffusion approximation performs better for the exponential distribution of interarrival time than other distributions. From the tables, we can learn that the accuracy of the diffusion approximation yields the following properties with respect to the mean. The greater traffic intensity p is, the more accurate the diffusion approximation is. In particular, if p is extremely high (p >_ 0.90), then the approximation is quite accurate. When the system capacity is small or the number of servers is large, the tables show that diffusion approximation is still good for even moderate traffic p. 
